Introduction {#Sec1}
============

Starting from the paper \[[@CR1]\], there has been an increasing interest in the *cubic regularization* of Newton's method (see, for example, \[[@CR2]--[@CR8]\]), which has some attractive global worst-case complexity guarantees. The main idea of this method is to approximate the objective function with its second-order Taylor approximation, add to it the cube of Euclidean norm with certain coefficient and then minimize the result to obtain a new point.

A natural generalization of this approach consists in considering a general high-order Taylor approximation together with a certain high-order power of Euclidean norm as a regularizer. This leads to *tensor methods* \[[@CR9]--[@CR12]\] that have recently gained their popularity after it was shown in \[[@CR13]\] that one step of the third-order tensor method for minimizing convex functions is comparable with that of the cubic Newton method.

For some applications, involving functions with Hölder continuous derivatives, it may also be reasonable to regularize the models with *fractional* degrees of the Euclidean norm, as discussed in \[[@CR14], [@CR15]\].

The efficiency of all the aforementioned methods strongly depends on our possibilities in solving the corresponding auxiliary problems that arise at each iteration. Therefore, it is important to be able to quickly solve minimization problems regularized by powers of Euclidean norm.

Two of the most important characteristics of the objective function that influence the convergence rate of minimization algorithms are the constants of uniform convexity and Hölder continuity of derivatives. It is thus important to know these parameters for powers of Euclidean norm in order to justify the convergence rates of the related minimization algorithms.

The uniform convexity of powers of Euclidean norm was first investigated in \[[@CR16]\], where the authors obtained optimal constants for all *integer* powers. This result was then generalized to arbitrary *real* powers in \[[@CR17], Lemma 5\]. Thus, the question of uniform convexity is completely solved.

The question of the Hölder continuity of derivatives of powers of Euclidean norm is more subtle. There exist only partial results for some special powers. For example, for any real power between one and two, the Hölder continuity of the first derivative follows from the duality between uniform convexity and Hölder smoothness (see \[[@CR18], Lemma 1\]). For any real power between two and three, the Hölder continuity of the second derivative has recently been proved in \[[@CR17], Example 2\], where some suboptimal constants have been obtained. However, there are currently no general results for an arbitrary power.

Thus, establishing Hölder continuity of derivatives of powers of Euclidean norm and estimating the corresponding constants is still an open problem and constitutes the main topic of this work.

This paper is organized as follows. In Sect. [2](#Sec2){ref-type="sec"}, we introduce notation and recall important facts on the norm of symmetric multilinear operators.

In Sect. [3](#Sec3){ref-type="sec"}, we derive a general formula for derivatives of powers of Euclidean norm (Theorem [3.1](#FPar2){ref-type="sec"}). The main object in this formula is a certain family of recursively defined polynomials (Definition [3.1](#FPar1){ref-type="sec"}). We give the corresponding definition and provide several examples.

In Sects. [4](#Sec4){ref-type="sec"} and [5](#Sec5){ref-type="sec"}, we study these polynomials in more detail. We establish useful identities and prove several important properties such as symmetry (Proposition [4.1](#FPar4){ref-type="sec"}), nonnegativity (Proposition [4.3](#FPar17){ref-type="sec"}) and monotonicity (Proposition [4.4](#FPar19){ref-type="sec"}). Section [5](#Sec5){ref-type="sec"} is devoted to estimating the Hölder constants of the polynomials. The main results in this section are Theorems [5.1](#FPar22){ref-type="sec"} and [5.2](#FPar24){ref-type="sec"}.

In Sect. [6](#Sec6){ref-type="sec"}, we apply the auxiliary results obtained in the previous sections for proving Hölder continuity of derivatives of powers of Euclidean norm. Namely, in Theorem [6.1](#FPar38){ref-type="sec"}, we derive a lower bound for the possible values of Hölder constants. In Theorem [6.2](#FPar40){ref-type="sec"}, we prove Hölder continuity of the derivatives along the lines passing through the origin. Finally, in Theorem [6.3](#FPar42){ref-type="sec"}, we extend this result onto the whole space and discuss the optimality of the constants.

Finally, in Sect. [7](#Sec7){ref-type="sec"}, we show how to improve our general result for integer powers, when the Hölder condition corresponds to the Lipschitz condition.

Notation and Generalities {#Sec2}
=========================
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                \begin{document}$$p \ge 0$$\end{document}$, the *p*th derivative of *f*, if exists, is denoted by $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^p f$$\end{document}$. This derivative is a mapping from *G* to the space of symmetric *p*-multilinear forms on $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\mathbb {E}$$\end{document}$.

Let *L* be a *p*-multilinear form on $\documentclass[12pt]{minimal}
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Derivatives of Powers of Euclidean Norm {#Sec3}
=======================================

We start with deriving a general formula for derivatives of the function $\documentclass[12pt]{minimal}
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                \begin{document}$$f_q$$\end{document}$. The main objects in this formula are univariate polynomials, defined below.

Definition 3.1 {#FPar1}
--------------
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Theorem 3.1 {#FPar2}
-----------

For any real $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \in \mathbb {R}$$\end{document}$, the function $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$f_q$$\end{document}$ is *p* times differentiable for all integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$0 \le p < q$$\end{document}$. The corresponding derivatives are$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} D^p f_q(x)[h]^p = \Vert x \Vert ^{q-p} g_{p, q}(\tau _h(x)), \end{aligned}$$\end{document}$$where $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$h \in \mathbb {E}$$\end{document}$ is an arbitrary unit vector and$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} \tau _h(x) := {\left\{ \begin{array}{ll} \frac{\langle B x, h \rangle }{\Vert x \Vert }, &{}\quad \mathrm{if}~x \ne 0, \\ 0, &{}\quad \mathrm{if}~x = 0. \end{array}\right. } \end{aligned}$$\end{document}$$

Proof {#FPar3}
-----
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Main Properties of Polynomials {#Sec4}
==============================
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Proof {#FPar5}
-----

Easily follows from Definition [3.1](#FPar1){ref-type="sec"} by induction.$\documentclass[12pt]{minimal}
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Next we establish identities with the first and second derivatives of $\documentclass[12pt]{minimal}
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Lemma 4.1 {#FPar6}
---------
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Proof {#FPar7}
-----

Follows from Definition [3.1](#FPar1){ref-type="sec"} using standard rules of differentiation.$\documentclass[12pt]{minimal}
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Lemma 4.2 {#FPar8}
---------
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Proof {#FPar9}
-----
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Lemma 4.3 {#FPar10}
---------
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Proof {#FPar11}
-----

Apply Lemma [4.2](#FPar8){ref-type="sec"} to the last term in ([5](#Equ5){ref-type=""}).$\documentclass[12pt]{minimal}
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The following lemma is particularly interesting. It turns out that, up to a constant factor, the derivative of the polynomial $\documentclass[12pt]{minimal}
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Lemma 4.4 {#FPar12}
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-----
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Proof {#FPar16}
-----
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The second corollary of Lemma [4.5](#FPar14){ref-type="sec"} states that $\documentclass[12pt]{minimal}
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Proposition 4.3 {#FPar17}
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-----
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Combining Proposition [4.3](#FPar17){ref-type="sec"} with Lemma [4.4](#FPar12){ref-type="sec"}, we obtain that, when $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$q \ge p$$\end{document}$, the polynomial $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$g_{p, q}$$\end{document}$ is not only nonnegative but also monotonically increasing.

Proposition 4.4 {#FPar19}
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Finally, let us show how we can apply the properties that we have established above, to find the maximal absolute value of $\documentclass[12pt]{minimal}
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Proposition 4.5 {#FPar20}
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Proof {#FPar21}
-----
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Hölder Constants of Polynomials {#Sec5}
===============================

We continue our study of polynomials $\documentclass[12pt]{minimal}
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Theorem 5.1 {#FPar22}
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Proof {#FPar23}
-----
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Our next task is to estimate the Hölder constant of $\documentclass[12pt]{minimal}
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Theorem 5.2 {#FPar24}
-----------
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The proof of Theorem [5.2](#FPar24){ref-type="sec"} is based on two auxiliary propositions.

Proposition 5.1 {#FPar25}
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Proposition 5.2 {#FPar26}
---------------
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Let us assume for a moment that these propositions are already proved. Then, the proof of Theorem [5.2](#FPar24){ref-type="sec"} is simple.

Proof {#FPar27}
-----
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Our goal now is to prove Propositions [5.1](#FPar25){ref-type="sec"} and [5.2](#FPar26){ref-type="sec"}.

We start with Proposition [5.1](#FPar25){ref-type="sec"}. It requires three technical lemmas.

Lemma 5.1 {#FPar28}
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Proof {#FPar29}
-----

First, let us prove ([17](#Equ17){ref-type=""}). By Lemma [4.1](#FPar6){ref-type="sec"}, we have$$\documentclass[12pt]{minimal}
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It remains to prove ([16](#Equ16){ref-type=""}). For $\documentclass[12pt]{minimal}
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Lemma 5.3 {#FPar32}
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-----
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Now we can present the proof of Proposition [5.1](#FPar25){ref-type="sec"}:

Proof {#FPar34}
-----
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It remains to prove Proposition [5.2](#FPar26){ref-type="sec"}. For this, we need one more lemma.

Lemma 5.4 {#FPar35}
---------
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-----
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Now we can give the proof of Proposition [5.2](#FPar26){ref-type="sec"}:

Proof {#FPar37}
-----
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To conclude this section, let us discuss the optimality of Theorem [5.2](#FPar24){ref-type="sec"}.
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Hölder Continuity of Derivatives of Powers of Euclidean Norm {#Sec6}
============================================================

We have established the main properties of polynomials $\documentclass[12pt]{minimal}
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Theorem 6.1 {#FPar38}
-----------

For any integer $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$p \ge 0$$\end{document}$, and any real $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu \in [0, 1]$$\end{document}$, the Hölder constant of $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$D^p f_{p+\nu }$$\end{document}$, corresponding to degree $\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\nu $$\end{document}$, cannot be smaller than$$\documentclass[12pt]{minimal}
                \usepackage{amsmath}
                \usepackage{wasysym} 
                \usepackage{amsfonts} 
                \usepackage{amssymb} 
                \usepackage{amsbsy}
                \usepackage{mathrsfs}
                \usepackage{upgreek}
                \setlength{\oddsidemargin}{-69pt}
                \begin{document}$$\begin{aligned} C_{p, \nu } := {\left\{ \begin{array}{ll} \prod _{i=1}^p (\nu +i), &{}\quad \mathrm{if}~p~\mathrm{is~even}, \\ 2^{1-\nu } \prod _{i=1}^p (\nu +i), &{}\quad \mathrm{if}~p~\mathrm{is~odd}. \end{array}\right. } \end{aligned}$$\end{document}$$

Proof {#FPar39}
-----
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Next we prove Hölder continuity with the optimal constant along any line, passing through the origin.

Theorem 6.2 {#FPar40}
-----------
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-----
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Observe that this inequality is symmetric in $\documentclass[12pt]{minimal}
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Theorem 6.3 {#FPar42}
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-----
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Second, observe that we only need to prove the first claim, since the other one follows directly from the first one and Theorem [5.2](#FPar24){ref-type="sec"}.
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There are now several cases to consider.
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One may think that the reason, why we obtained a suboptimal bound for even values of *p*, is related to the fact that we had used a suboptimal value for the Hölder constant $\documentclass[12pt]{minimal}
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For even values of *p*, our estimate $\documentclass[12pt]{minimal}
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Theorem 7.1 {#FPar44}
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Conclusions {#Sec8}
===========

In this work, we have proved that derivatives of powers of Euclidean norm are Hölder continuous and have obtained explicit expressions for the corresponding Hölder constants. We have shown that our constants are optimal for odd derivatives and at most two times suboptimal for the even ones. In the particular case of integer powers, when the Hölder condition corresponds to the Lipschitz condition, we have managed to improve our result and obtained optimal constants in all cases. We believe that in general, it should be possible to obtain optimal constants for even derivatives as well. However, this seems to be a difficult problem.

For a positive integer *n*, by *n*!! we denote the double factorial of *n* (the product of all integers between 1 and *n* with the same parity as *n*). We also define $\documentclass[12pt]{minimal}
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